JZS-A Volume 22, Issue 2, December 2020

Journal of Zankoy Sulaimani

Part-A- (Pure and Applied Sciences)
http://jzs.univsul.edu.iq

Competitive Algorithms for Large Scale Positive
Definite Linear Systems of Equations Using an Error in
Variables Optimization Model

Nezam Mahdavi-Amiri ' and Negin Bagherpour1

1 Department of Mathematical Sciences, Sharif University of Technology, Tehran, Iran
*Corresponding author’s e-mail: nezamm @ sharif.edu

Article info Abstract
Original: 29 may 2020 We seek positive definite solutions of large scale overdetermined linear systems of equations with

Revised: 21 August 2020
Accepted: 26 September

multiple right hand sides, where the coefficient and the right hand side matrices are respectively called

2020 data and target matrices. We recently proposed a new approach for solving such problems in small
Published online: 20 scales considering error in both the measured data and the target matrices and using a novel error
December 2020

formulation. We proposed four algorithms for solving small scale positive definite linear systems of
equations with both full rank and rank deficient data matrices. Here, we extend our algorithms to solve
large scale problems. The algorithms are implemented in Matlab and Fortran (using the ScaLAPACK

library) respectively for small and large scale problems . ScaLAPACK is a parallel library written in
Key Words: large scale
problems, Dolan-More,
ScaLAPACK

Fortran to solve linear algebra problems such as computing matrix decompositions for large scale
matrices. Block cyclic data distribution is used in ScaLAPACK to provide proper scalability, reliability,
portability, flexibility and ease of use. Comparative numerical experiments with two available methods,
the interior point method and a method based on quadratic programming, show that our approach
produce a smaller standard deviation of the error entries and a smaller effective rank, as being desirable
for control problems. Using the Dolan-More performance profiles we show that our proposed

algorithms are more efficient and more accurate in computing proper solutions.
1. Introduction

In different engineering contexts such as estimating the mass inertia matrix in the design of controllers for
solid structures and robots ([11], [16], [18]), a symmetric positive definite solution of an overdetermined linear
system of equations is desired. Modeling a deformable structure also leads to such a mathematical problem; e.g.,
[28]. More precisely, a positive definite solution X € R™*" for

DX =T, (1)
is needed, where D, T € R™ ", with m > n, are given. In some special applications, the data matrix D has a
simple structure, which may be considered for efficiently organized computations. Estimation of the covariance
matrix and computation of the correlation matrix in finance are two such examples, where the data matrices are
respectively block diagonal and the identity matrix [34].

The available least squares formulations for physical problems may be classified as either ordinary or error in
variables (EIV) models [27]. Also, least squares problems with multiple right hand sides may arise [3].

Here, we consider EIV models for solving (1). In an EIV model, errors are considered in both D and T [5]. Total
least squares formulation is a well-known EIV model, where the goal is to solve the following mathematical
problem ([8] and [17]):
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min || [AD,AT] ||
s.t.(D+AD)x =t+ AT
X >0. (2)

where [|-]l in (2) denotes the vector 2-norm.

We have recently considered a new EIV model for solving a positive definite linear system. Our goal is to
compute a symmetric positive definite solution X € R™ " for overdetermined system of equations DX = T,
where both matrices D and T may contain errors. Hereafter, we refer to this problem as positive definite linear
system of equations. No EIV model, even the well-known total least squares formulation, was considered for
solving the positive definite linear system of equations in the literature. Several approaches have been proposed
for this problem, commonly considering the ordinary least squares formulation and minimizing the error || AT g
over all n X n symmetric positive definite matrices, where |l. |l is the Frobenious norm [3, 12, 26]. Here, we
briefly discuss our newly formulated error criterion and the corresponding algorithms. We then extend the
algorithms for solving large scale test problems; a summary of the ScaLAPACK library is also provided to show
its use in solving large scale problems.

Below, we first review our newly defined error function and the outlined algorithms for both full rank and
rank deficient problems. We then describe the ScaLAPACK library and discuss how to parallelize the algorithms
specifically for large scale problems. Moreover, we provide numerical results to show the effectiveness of our
proposed algorithms in computing positive definite solutions of both small and large scale linear systems.
Finally, concluding remarks are presented.

2 Problem Formulation and the Proposed Algorithms
Consider a single equation ax = b, where a,b € R" and x € R*. As shown in Fig. 1, errors in the ith entry of

b and a are respectively equal to |a;x — b;| and |a; — % | [27].
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Figure 1: Error formulation for a single equation.

In [27], X ?=1 L; was considered as a value to represent errors in both a and b, where L; is the height of the

. . bi—a; . .
triangle ABC being equal to L; = % Here, to represent the errors in both a and b, we define the area error
X

to be

bj
Y, by —ax||a; — < 3)
which is equivalent to
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S, (- ax)(a; — ),
for x € RY.
Now, consider the problem of finding a symmetric and positive definite solution to the overdetermined
system of linear equations DX ~ T, in which both D and T include errors. The values DX and TX™! as the
predicted values for T and D from the model DX = T lead to defining AT; = (DX — T); and AD; = (D — TX'l)j

is the entries of errors in the jth column of T and D, respectively. Extending the area error defined in (3), the
value

E=X L, (DX —T)TD;— (TX™)

appears to be an appropriate measure of error. We also have

E=X1L, 200 OX=T);(D - TX Dy = tr(DX—T)T(D - TX ™)), 4)
with tr(.) standing for trace of a matrix. Therefore, an optimization problem may be formulated as
mintr((DX — T)T(D — TX™)), 5)

where X is symmetric and by X > 0, we mean X being positive definite. Problem (5) poses our newly defined
EIV model for solving positive definite linear systems of equations. The following note states a property of the
formulated error.

Note. A characteristic of the error formulation defined by (4) is that for a symmetric and positive definite matrix
X, E is nonnegative and it is equal to zero if and only if DX = T.

Now, we proceed to develop an algorithm for solving (5) with the assumption that D has full column rank.
With X being symmetric, we have
tr((DX — T)T(D — TX 1)) = tr(DTDX + X~ TTT) — 2tr(TTD).
So, (5) can be written as
mintr(AX + X"1B), (6)

where A = D™D and B = TTT and the symmetric positive definite matrix X is to be computed. To explain our
method for solving (6), we state the following theorem from [3].
Throrem 1. The unique symmetric and positive definite solution for problem (6) is X™ satisfying

X*AX* = B. @)
As mentioned in Theorem 1, the KKT conditions lead to the following nonlinear matrix equation
XAX = B. 8)
Note that (8) is an special case of the continuous time Riccati equation (CARE) [25],
ATXE + ETXA — (ETXB + S)R"Y(BTXE+ST) + Q =0, 9)

withR=0, E = % and Q = —B. There is a MATLAB routine to solve CARE for arbitrary values of A, E, B, S,
R and Q. To use the routine, it is sufficient to type the command

X=care(A,B,Q,R,S,E),

for the input arguments as in (9). Higham [25] developed an effective method for computing the positive definite
solution to this special CARE when A and B are symmetric and positive definite using well-known
decompositions. Lancaster and Rodman [31] also discussed solving different types of algebraic Riccati
equations. Moreover, they made a perturbation analysis of the matrix equations. Before we proceed further, we
outline some well-known results to be used in the development of our algorithms.

Note. (QR decomposition) The QR decomposition [30] of a matrix A € R™*", with m > n, is a decomposition
of the form A = QR, where R is an m X n upper triangular matrix and Q satisfies QQT = QTQ = I. Moreover, if
A has full column rank, then R also has full column rank.
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Note. (Cholesky decomposition) A Cholesky decomposition [30] of a symmetric positive definite matrix
A € R™™ is a decomposition of the form A = RTR, where R, known as the Cholesky factor of A, is an n X n
nonsingular upper triangular matrix.

Note. (Spectral decomposition) [30] All eigenvalues of a symmetric matrix, A € R™*", are real and there exists
an orthonormal matrix with columns representing the corresponding eigenvectors. Thus, there exist an
orthonormal matrix U with columns being the eigenvectors of A and a diagonal matrix D containing the
eigenvalues such that A = UDUT. Also, if A is positive definite, then all of its eigenvalues are positive, and so
we can set D = S2. Thus, spectral decomposition for a symmetric positive definite matrix A is a decomposition
of the form A = US?UT, where UTU = UUT =1 and S is a diagonal matrix.

2.1 Full rank system
Theorem 2. [25] Assume D, T € R™™ with m > n are known and rank(D) = rank(T) = n. Let D = QR be
the QR decomposition of D. Let A = DD and B = TTT. Define the matrix Q = RBRT and compute its spectral
decomposition, that is, Q = RBRT = US?UT. Then, (6) has a unique solution, given by
X* =R WSUTRT,
Proof. It is sufficient to show that X* satisfies X*AX* = B [3, 25]. Note that from D = QR, we have
A =DTD = RTQTQR = RTR.
Substituting X*, we have
X*AX* = RTUSUTR™TRTRR™USUTR™T
= R™1US?UTR™T = R"'RBRTRT = B.
Note. To compute R, it is also possible to first compute A =DTD and then calculate the Cholesky
decomposition of A. However, the QR decomposition, due to its stability, is used in Algorithm 1 below:

Algorithm 1 Solving the EIV model for positive definite linear system using QR decomposition
PROCEDURE PDEIV-QR (D, 7).
1: Compute the QR decomposition of D: let D = OR.

2:Let Q = RBRT, where B = T" T and compute the spectral decomposition of Q that is, Q = US2UT.
3:Set X = R™IUSUTR™T.

4:Set E = tr(DX*=T)T(D — TR*™1)).

Note that Algorithm 1 computes the solution of (5) directly.

The following theorem shows that using the spectral decomposition of A, a method similar to the one
introduced in [25] is at hand for solving the continuous time Riccati equation.
Theorem 3. Let A=DTD and B=TTT with D,T € R™" m>n, and rank(D) = n. Let the spectral
decomposition of A be A = US?UT. Define the matrix Q = SUTBUS and compute its spectral decomposition,
Q = SUTBUS = US?UT". Then, the unique minimizer of (6) is

X*=UStUSuTSuT.
Proof. Similar to the proof of Theorem 2, it is sufficient to show that X* satisfies X*AX* = B. Substituting X*,
we have
X*AX* = US~1USUTs tuTus2uTus-1UsuTs1uT
= US~1US2UTs'uT = us~*suTBUSS'UT = B.

We now summarize the steps of our proposed algorithm for computing the symmetric and positive definite
solution of a linear system based on spectral decomposition as Algorithm 2.
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Algorithm 2 Solving the EIV model using spectral decomposition.

Procedure PDEIV-Spec(D,T).

1. Let A = DTD and compute its spectral decomposition: A = US?UT.

2. LetQ = SUTBUS, where B = TTT and compute the spectral decomposition of Q, that is,

Q=USU".
3. SetX*=USTUSUTSTUT.
4. SetE =tr (DX*=T)"(D—TX" ).
In [3], a modification of the algorithms to compute the symmetric and positive definite solution of a rank

deficient linear system is discussed in detail. The main parts of computations and the resulting algorithms based
on spectral decomposition and complete orthogonal decomposition are discussed next.

2.2 Rank deficient system
S2 0
Let the spectral decomposition of Abe A=U(0 0 |UT, where S? € R™" is a diagonal matrix having the

positive eigenvalues of A as its diagonal entries. Substituting the decomposition in (7), we get

S2 0
X*Ulo o |UTX*=B. (10)
Since U is orthonormal, (10) can be written as
S2 0
U™X*Ulo o JUTX*U=UTBU.

Then, letting X = UTXU and B = UTBU, we have

Xlo o |X=B. (11)
Thus, the matrix X = UXUT is a solution of (5) if and only if X is symmetric positive definite and satisfies (11).
N er Xr,n—r _ _ _
Considering the block form X=(%X = X . | where X, € R™, X, = XI .. € R0 apd

Xn_rn_r € RO™DXMD (1) turns to

erszxrr = Errv (12a)
erszxr,n—r = Er,n—r' (12b)
Xn—r,rszxr,n—r = En—r,n—r- (12¢)

Let D=S and suppose T satisfies T'T = B,.. Consider problem (5) corresponding to the data and target
matrices D and T as follows:
I%Ligntr((ﬁx -DTMD-TX™ ). (13)
We know from Theorem 1 that the necessary and sufficient optimality conditions for the unique solution of
problem (13) implies (12a). Thus, X, can be computed using Algorithm 1 for the input arguments D and T.
Substituting the computed X, in (12b), the following linear system of equations arises:
erszxr,n—r = Er,n—r (14)
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arises, where X,, S? € R™" are known and X, ,_ € R™®1 is to be computed. Since X, is positive definite
and S? is nonsingular, the coefficient matrix of the linear system (14) is nonsingular and ')Zr,n_r can be uniquely
computed.

It is clear that since X is symmetric, Xn_r,r is the same as Xr_n_rT. Now, we check whether the computed
Xn_r_r and Xr,n_r satisfy (12¢). Inconsistency of (13) means that there is no symmetric positive definite matrix
satisfying (12a)-(12c), and if so, (5) has no solution. Thus, in solving a specific positive definite system with
rank deficient data and target matrices using the proposed EIV model, a straightforward method to investigate
the existence of solution is to check whether (12c) holds for the given data and target matrices. On the other
hand, for numerical results, it is necessary to generate meaningful test problems. Hence, we can investigate the
necessary and sufficient conditions for satisfaction of (12c). In this case, X, ern_r and its transpose, Xn—r,r’ are
respectively computed from (12a) and (12b). Hence, the only remaining step is to compute Xn_r_n_r so that X is
symmetric and positive definite.

We know that X is symmetric positive definite if and only if there exists a nonsingular lower triangular matrix
L € R™" so that

X =LLT, (15)
where L is lower triangular and nonsingular. Considering the block forms
er Xr,n—r

and

Lypr 0
L= (Ln—r,r Ln—r,n—r):

where Ly_, is an (n—r) X matrix and Ly, € R™ and Ly_,,_ € RO are nonsingular lower
triangular matrices, we get

Kir = LcLpr (162)

Xenr = LerLn_rs ", (16b)

Xn-r,r = Lncrrler (16¢)

Xn-rn-r = Ln-relnorr' + Lncrnorlnorn-r - (16d)

Therefore, to compute a symmetric positive definite X, (16a)—(16d) must be satisfied.

In general, an arbitrary rank deficient linear system may have no positive definite solution. In [3], we
discussed how to generate a rank deficient test problem having a positive definite solution. Our proposed
algorithm for computing the positive definite solution of rank definient linear systems based on spectral
decomposition is summarized as Algorithm 3 below.

Note. The complete orthogonal decomposition (CoD) may also be used to solve the rank deficient problem [3].

Algorithm 3 Solving the EIV model with rank deficient data and target matrices using spectral decomposition.

Procedure PDEIV-RD-Spec(D,T,6).
1. Input: § as the upper bound for absolute error taken to be close to the machine (or user’s) zero.
2. Let A = DTD and compute its spectral decomposition:

A= U(g2 ),

and let rank(D) =r.
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3. LetB =TTT and B = UTBU and define
B, = B(1:r, 1:1),
Er,n_r = B(1:r,r + 1:n),
En_r_n_r =B(r+1:nr+1:n)

4. LetD =S, and let T be the Cholesky factor of B,,., thatis, B,, = TTT.
5. Perform Algorithm 1 with input parameters D = D and T = T, and let X,., = X*.
6. Solve the linear system (12b) to compute )?r,n_r and let )Z'n_” = )?T,n_rT.
7. I U,_," (BU,(U,"BU,)"'U,"B — B) |= & then stop; (5) has no solution.
8. else
9. Let the Cholesky decomposition of X, be X, = LL" and set L, = L.
10. Solve the lower triangular system (16b) to compute Ly _y ..
11. Let Ly € ROTX(MT) e an arbitrary nonsingular lower triangular matrix and compute X,y ,_,
using (16d).
5 er Xr,n—r 3
12.LetX=(%,_.. XK., ., |andX" =UXU".

13. Compute E =tr ((DX*—T)(D — TX*_l))_
14. end if

3 ScaLAPACK for Parallel Implementation

Here, we briefly review ScaLAPACK and provide some details of implementation. ScaLAPACK is a library of
high-performance linear algebra routines for parallel distributed memory machines. ScaLAPACK solves dense
and banded linear systems, least squares problems, eigenvalue problems and singular value problems. The key
ideas include the use of a block cyclic data distribution for dense matrices and a block data distribution for
banded matrices, block-partitioned algorithms to ensure high levels of data reuse and well-designed low-level
modular components that simplify the task of parallelizing the high level routines by making the source codes to
perform the same as the sequential case [24].

The goals of the ScaLAPACK project are the same as LAPACK, namely, efficiency, scalability, reliability,
portability, flexability and ease of use. Many of these goals, particularly portability, are aided by developing and
promoting standards, specially for low-level communication and computation routines. By limiting most
machine dependencies to three standard libraries called BLAS, or Basic Linear Algebra Subprograms,
LAPACK, or Linear Algebra Package, and BLACS, or Basic Linear Algebra Communication Subprograms,
these goals are mostly acheived. The library is written in Fortran. The name ScaLAPACK is an acronym for
Scalable Linear Algebra PACKage, or Scalable LAPACK. The most recent version of ScaLAPACK is 2.1.0.0,
released in November 16, 2019 [24].

To check the efficiency of our proposed algorithms in finding a symmetric positive definite solution of large
scale linear systems, ScaLAPACK 2.1.0.0 is used. To implement PDEIV-QR, PDEIV-RD-Spec, PDEIV-RD-
Spec and PDEIV-RD-CoD in Fortran using ScaLAPACK, we need to compute QR, SVD and CoD
factorizations. More precisely, one QR and one spectral decompositions are needed in Algorithm 1, while in
each of Algorithm 2 and Algorithm 3, two spectral decompositions are needed and in Algorithm 4, one of the
spectral decompositions is replaced by a complete orthogonal decomposition. Assuming real input matrices and
single percision, the commands for computing the factorizations are shown in Table 1.

In Section 4, comparative numerical results show the effectiveness of our proposed algorithms in producing
more accurate solutions more efficiently.
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Algorithm 4 Solving the EIV model with rank deficient data and target matrices using CoD.
Procedure PDEIV-RD-COD(D,T,).
1. Input: § as the upper bound for absolute error taken to be close to the machine (or user’s) zero
2. Compute the complete orthogonal decomposition of D, that is,

R 0
D=U (o 0 )vT,
and let rank(D) =r.

3. LetA=DTD =V.RTRV,", B =T"T and B = V"BV, where V, consists of the first 7 columns of V.
4. Let

B, = B(1:r, 1:1),
Er,n—r =B(1l:r,r + 1:n),
Bnrnr = B(r+ Lin,r + 1:n).
5. LetD = R, assume T satisfies B,,, = T'T.
6. Perform Algorithm 1 with input parameters D = D and T = T, and let X, = X*.
7
8

Solve the linear system (12b) to compute )?r,n_r and let X'n_” =X Tr_n_r .
. Ifll U,_,"(BU,(U,"BU,)"*U," B — B) II> & then stop; (5) has no solution.
9. else
10. Let the Cholesky decomposition of X, be X,,- = LL" and set L,.. = L.
11. Solve the lower triangular system (16b) to compute Ly, _; ;..

12. Let Ly_pp_y € RXMT) be an arbitrary nonsingular lower triangular matrix and compute

Xn—rn—r using (16b).
5 rr Xr,n—r 5
3. LetX=(% __ % . |andX* =VEVT
14. Compute E = tr ((DX* —T)(D — TX*™1))..
15. end if

Table 1: Factorizations in ScaLAPACK.

Factorization Command Algorithm using the command
QR psgeqr2 step 1 of Algorithm 1
Spectral decomposition dsyevr, dgeev, zheev and zgeev step 2 of Algorithm 1
step 1 of Algorithm 2
step 2 of Algorithm 2
step 2 of Algorithm 3
CoD psgeqr2 and xtzrzf step 2 of Algorithm 4

4 Numerical Results

Here, some numerical results corresponding to small and large scale test problems are reported. We made use
of MATLAB 2019b in a Windows 10 machine with a 3.2 GHz CPU and a 8 GB RAM. We generated random
test problems with random data and target matrices. These random matrices were produced using the rand
command in MATLAB. We used rand(m,n) to generate an m X n matrix with uniformly distributed random
entries in the interval [0,1]. The random test problems were classified into problems with full column rank data
matrix and problems with rank deficient data matrix. Moreover, to generate large scale test problems we used
RANDOM — NUMBER command in Fortran in which the interval of random entries can be manually tuned.
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4.1 Small scale problems

Here, we report the numerical results corresponding to full rank small scale problems with 0 < m,n < 1000.
For a given matrix size, we generated 50 random test problems and reported the average time, T, and the average
error, E, obtained over all problems, in Table 2. To investigate the effect of using the QR and spectral
decompositions in our proposed approach, we constructed the Dolan-Moré performance profiles. The Dolan-
Moré performance profile [7] compares the performance of different algorithms on solving a set of given
problems.

Since a desired feature in estimation of mass inertia matrix is that the standard deviation value of the resulting
error matrix in T be as low as possible, by presenting the Dolan-Moré performance profiles, we compare the
required times and the standard deviation values of errors in PDEIV-QR and PDEIV-Spec. It can be concluded
from the generated performance profiles in Figs. 2 and 3 that the required time by PDEIV-QR is lower than that
of PDEIV-Spec.

Also, to confirm the efficiency of our proposed approach in solving positive definite linear systems, we
reported the numerical results obtained by the interior point method (IntP), discussed in [28], and the method
based on quadratic programming proposed by Hu [12] (HuM). We then constructed the corresponding Dolan-
Moré performance profiles in Figs. 4 and 5. These performance profiles show that our proposed approach is able
to compute a solution having a smaller value of standard deviation in less computing time. However, considering
the ordinary formulation of IntP and HuM, the more complicated optimization problem,

min || DX — T |12

s.t. X>0,
is needed to be solved; hence, a lower computing time in our proposed approach is not surprising.
In Table 2, the average error value, E = tr(DX* — T)T(D — TX*_I), and the average required times (in seconds)
are reported for PDEIV-QR and PDEIV-Spec. The first two columns of this table give the matrix size, the third
to sixth columns give the time and error for PDEIV-QR and the time and error for PDEIV-Spec, respectively.

Table 2: Average time and error values for PDEIV-QR and PDEIV-Spec.

m n Time E Time E
(PDEIV-QR) (PDEIV-QR) (PDEIV-Spec) (PDEIV-Spec)
100 10 0.0021 1.6191E+002 0.0014 1.6191E+002
100 50 0.0017 7.2274E+002  0.0022 7.2274E+002
100 100 0.0058 1.2388E+003  0.0072 1.2388E+003
1000 100 0.0089 1.6258E+004  0.0104 1.6258E+004
1000 200 0.0434 3.1684E+004  0.0505 3.1684E+004

The reported results in Table 2 show that PDEIV-QR is faster in computing the solution. The Dolan-Moré
performance profile for the required times given in Fig. 2 also confirms this result.
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Figure 2: The Dolan-Moré performance profile (comparing the required times by PDEIV-QR and PDEIV-

Spec).
However, based on the Dolan-Moré performance profile for the standard deviation values shown in Fig. 3,
there is no significant difference between the standard deviation values generated by the two algorithms.
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Figure 3: The Dolan-Moré performance profile (comparing the standard deviation values for PDEIV-QR and
PDEIV-Spec).

Next, we compare our proposed approach with some other available methods. The Dolan-Moré performance
profiles for the times and standard deviation values shown in Figs. 4 and 5 confirm the efficiency of our
proposed approach in computing a solution with lower value of standard deviation of error in lower time as
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compared to IntP and HuM. 1000 random test problems with data and target matrices with dimensions less than
1000 x 200 were generated to construct the Dolan-Moré performance profiles.
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Figure 4: The Dolan-Moré performance profile (comparing the required times by PDEIV-QR, PDEIV-Spec,
IntP and HuM).
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Figure 5: The Dolan-Moré performance profile (comparing the standard deviation values for PDEIV-QR,
PDEIV-Spec, IntP and HuM).

Note. There are three important points about the value of error bound, TOL, in the iterative methods IntP and
HuM:

(1) Both IntP and HuM as iterative methods need a TOL, the maximum value of possible error, as an input.

(2) Smaller values of TOL result in larger computing times without considerable change in standard deviation
values.
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(3) For all matrix sizes, except for 1000 X 200 matrices, the value of TOL was taken to be 107°. For this case,
we set the value of TOL to 0.001 because using a smaller value of TOL, an out of memory error occurred.

4.2 Rank deficient system

In case of rank deficient data and target matrices, we also investigated the effect of using complete orthogonal
decomposition and spectral decomposition in the proposed approach. Our proposed approach was also compared
with the other available methods based on the Dolan-Moré performance profiles as presented in Figs. 6 and 7.
Numerical results also confirm the effectiveness of algorithms 1 through 4 in producing more accurate solutions
with lower standard deviation values in lower times. In this section similar results for small scale test problems
having rank deficient data and target matrices are reported. In Table 3, we see the numerical results obtained by
PDEIV-RD-Spec and PDEIV-RD-COD. In Table 3, the average error values and the required times for PDEIV-
RD-Spec and PDEIV-RD-COD are reported. These results show that PDEIV-RD-Spec computes the solution
faster, but there is no significant difference in the obtained standard deviation values.

Table 3: Average time and error values for PDEIV-RD-Spec and PDEIV-RD-COD.

m n r Time E Time E

(Spec) (Spec) (COD) (COD)
100 10 5 3.6377E-004 1.8733E+002  6.3001E-004  1.8733E+002
100 50 20 1.4125E-003 2.0468E+003 1.6243E-003  2.0468E+003
100 100 50 5.1234E-003 3.9126E+003  5.9146E-003 3.9126E+003
1000 100 50 6.3142E-003 2.0047E+004 1.2843E-002 1.6258E+004
1000 200 100 3.0763E-002 5.8443E+004  4.3702E-002 5.8443E+004

To compare our proposed approach with IntP and HuM, the Dolan-Moré performance profiles corresponding
to required times and standard deviations for IntP, HuM, PDEIV-RD-Spec and PDEIV-RD-COD are given in
Figs. 6 and 7. To construct these profiles, 1000 random test problems with 1000 X 100 data and target matrices
were generated. The Dolan-Moré profiles confirm that PDEIV-RD-Spec and PDEIV-RD-COD compute
solutions with lower values of standard deviation in lower times.

T T T T

PDEIV-RD-Spec
-------- PDEIV-RD-COD .
— — — HuM
== IntP

— - - -

10 20 30 40 50

Figure 6: The Dolan-Moré performance profile (comparing the required times by PDEIV-RD-Spec, PDEIV-RD-COD, IntP
and HuM).
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Figure 7: The Dolan-Moré performance profile (comparing the standard deviation values for PDEIV-RD-Spec, PDEIV-
RD-COD, IntP and HuM).

The Dolan-Moré performance profiles for effective rank and condition number presented in Figs. 8 and 9
confirm the efficiency of our proposed algorithm in generating solutions with lower values of effective rank and

condition number.

0.8 4
06 4
04F - o e e S T NI SR 9
": ———————————
PR e o
o2 -~ PDENV-RD-Sped| -
l s — — — HuM
U -—-—-. IntP
]
0 1 1 1 1 1
0 0.5 1 1.5 2 25 3
x 10°

Figure 8: The Dolan-Moré performance profile (comparing the values of effective rank for PDEIV-RD-Spec, IntP and

HuM).
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Figure 9: The Dolan-Moré performance profile (comparing the values of condition number for PDEIV-RD-Spec, IntP and
HuM).

Next, numerical results are reported to confirm the efficiency of our proposed algorithms in solving large scale
positive definite linear systems.

4.3 Large scale problems

Here, numerical results for large scale test problems are presented. A test problem is considered to be large
when the data and target matrices are m Xn and 5000 < m,n < 20000. However, according with
computational capacity of our computing machine, we only generated test problems with 2000 < m,n < 10000
as large problems. For a given matrix size and a given rank, we generated 50 test problems and similar to Section
4.1, the average required time and average value of error, E, are reported in Table 3. For large scale tests,
algorithms 1-4 were implemented in Fortran and the needed matrix decompositions were computed according to
Table 1. In Table 4, the average error value, E = tr(DX* — T)T(D — TX*™"), and the average required times (in
seconds) are reported for PDEIV-QR and PDEIV-Spec. The first two columns of this table give the matrix
dimensions, the third to sixth columns give the time and error for PDEIV-QR and the time and error for PDEIV-
Spec, respectively.

Table 4: Average time and error values for PDEIV-QR and PDEIV-Spec.

m n Time E Time E
(PDEIV-QR) (PDEIV-QR) (PDEIV-Spec) (PDEIV-Spec)
1000 1000 0.0328 2.7365E+003  0.0564 3.1125E+003
2000 1000 0.0412 6.5981E+003  0.0743 7.2274E+003
2000 2000 0.0583 2.0174E+004  0.0983 3.4253E+004
10000 1000 0.0788 2.7562E+005 0.1642 3.5266E+005
10000 2000 0.1034 4.6583E+005  0.2347 5.6237E+005

The reported results in Table 4 show that PDEIV-QR is faster in computing the solution of large scale systems.
To investigate the efficiency of our proposed algorithms for large scale problems, we implemented the interior
point algorithm specified for large scale nonlinear optimization problems as outlined by Byrd et al. [4], namely
(LS-IntP), the large scale IntP algorithm. As shown in the Dolan-Moré performance profile presented in Figs. 10
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and 11, our proposed algorithms are faster and more accurate for solving large scale positive definite linear
systems.

08F

06F

04+

¥g PDEIV-QR-Scal APACK
0.2 , - --LSntP 5

1 1 1 1 1

0
1 2 3 4 5 6

Figure 10: The Dolan-Moré performance profile (comparing the computing times for PDEIV-QR-ScaLAPACK and LS-
IntP).
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Figure 11: The Dolan-Moré performance profile (comparing the standard deviation values for PDEIV-QR-ScaLAPACK
and LS-IntP).
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S Conclusion

Our recently proposed error criterion for solving positive definite linear systems of equations is discussed
while the outlines of algorithms for solving such problems using the QR, Spectral and complete orthogonal
decompositions are also presented. Considering the fact that positive definite linear systems are not necessarily
small in real applications, we applied the algorithms to large scale systems. To this end, an efficient parallel
computing platform for matrix decompositions was needed; hence, a brief review of ScaLAPACK and its
application in computing matrix factorizations were given. To solve large scale positive definite linear systems,
we needed to associate the Fortran implementations with the ScaLAPACK library. Our proposed algorithms for
both full rank and rank deficient data and target matrices admit four desirable features including: (1) the
proposed modelling is more realistic according to the assumed error in both data and target matrices, (2) the
proposed algorithm is a direct, as opposed to iterative, approach, (3) according to the reported numerical results,
the obtained average standard deviation value in the error matrix is lower and (4) for large scale test problems,
the Fortran implementation is successful in computing proper solutions in lower computing times as compared to
other available methods. For large scale test problems, the Fortran (with ScaLAPACK) implementation of our
proposed algorithms and a parallel implementation of the interior point algorithm were used to show the
efficiency and accuracy of the proposed algorithms.
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